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Abstract
The present paper considers the existence of continuous roots of algebraic equations with coefficients being continuous functions
defined on compact Hausdorff spaces. For a compact Hausdorff space X, C(X) denotes the Banach algebra of all continuous
complex-valued functions on X with the sup norm ‖ · ‖∞. The algebra C(X) is said to be algebraically closed if each monic
algebraic equation with C(X) coefficients has a root in C(X). First we study a topological characterization of a first-countable
compact (connected) Hausdorff space X such that C(X) is algebraically closed. The result has been obtained by Countryman Jr,
Hatori–Miura and Miura–Niijima and we provide a simple proof for metrizable spaces.
Also we consider continuous approximate roots of the equation zn − f = 0 with respect to z, where f ∈ C(X), and provide
a topological characterization of compact Hausdorff space X with dimX  1 such that the above equation has an approximate root
in C(X) for each f ∈ C(X), in terms of the first ˇCech cohomology of X.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction, results and preliminaries
In the present paper, we are concerned with the existence of continuous roots of an algebraic equation
Pa(x, z) = zn + an−1(x)zn−1 + · · · + a0(x) = 0
with respect to z, where a = (an−1, . . . , a0) :X → Cn is a continuous map defined on a topological space X. By a
continuous root of Pa(x, z) = 0, we mean a continuous function ρ :X → C such that Pa(x,ρ(x)) = 0 for each x ∈ X.
The classical Rouché Theorem implies that, for an arbitrary point x0 ∈ X, the roots of Pa(x, z) = 0 vary continuously
with respect to x on a small neighborhood of x0 (see [6, Lemma 2.2] for a precise statement). So the problem is the
existence of a continuous root defined on the whole space X and the topology of X comes into the study. The Banach
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K. Kawamura, T. Miura / Topology and its Applications 154 (2007) 434–442 435algebra of all continuous complex-valued functions defined on a compact Hausdorff space X with the supremum norm
‖ · ‖∞ is denoted by C(X). We say that C(X) is algebraically closed if the equation Pa(x, z) = 0 with respect to z has
a continuous root for each a = (an−1, . . . , a0) :X → Cn. Under this terminology, the problem is to detect a compact
Hausdorff space X such that C(X) is algebraically closed. For example, C([0,1]) is algebraically closed, while C(S1)
is not (see Section 2).
The problem has been investigated by several authors [4,6,12,16] et al. Also a closely related result has been proved
by Gorin–Lin [9], a good exposition of which is given in [11]. Some of their results are summarized as follows.
A compact connected Hausdorff space X is said to be hereditarily unicoherent if, for each pair of compact connected
subsets M , N of X, the intersection M ∩ N is connected (if not empty).
Theorem 1.1. ([4, Corollary 4.3], [12, Theorem 2.2], and [16, Theorem 3.4]) Let X be a first-countable compact
connected Hausdorff space. The following conditions are equivalent:
(1) C(X) is algebraically closed.
(2) C(X) is square-root closed, that is, for each continuous function f :X → C, there exists a continuous function
g :X → C such that g2 = f .
(3) X is locally connected and hereditarily unicoherent.
(4) X is locally connected, dimX  1 and Hˇ1(X;Z) = 0.
In Section 2, we provide a simple proof of the above theorem for metrizable spaces by making use of continuum
theory. For a compact connected metrizable space X, the conditions (4) above is known (cf. [14, Chapter 8, Section 57]
and [1, Chapter 5, Section 13]) to be equivalent to
(5) X is a dendrite, that is, a locally connected compact connected metrizable space containing no simple closed
curves.
In view of the above, we may state the result to be proved as follows. The algebra C(X) for a compact Hausdorff
space X is said to be completely solvable if, for each continuous map a = (an−1, . . . , a0) :X → Cn, there exist contin-
uous functions ρ1, . . . , ρn :X → C such that Pa(x, z) = zn + an−1(x)zn−1 + · · · + a0(x) =∏ni=1(z− ρi(x)) for each
x ∈ X. A simple observation (see Section 2) allows us to add the complete solvability to the equivalent conditions
given in Theorem 1.1.
Theorem 1.2. Let X be a compact connected metric space. The following conditions are equivalent:
(1) C(X) is completely solvable.
(2) C(X) is algebraically closed.
(3) C(X) is square-root closed.
(4) X is a dendrite.
The proof presented here is a continuum-theoretic view of the arguments in the above papers. We should mention
that the implication (3) → (4) has been essentially proved in [7, Result 2] when X is locally connected. The proof of
implication (4) → (2) is influenced by an exposition of Gorin–Lin theorem [9] in [11, Chapter III–IV].
A natural question arises as to whether Theorem 1.1 holds for general—not necessarily first-countable—compact
Hausdorff spaces. This leads to the following question:
Question. Let X be a compact Hausdorff space such that C(X) is square-root closed. Is it true that dimX  1?
It is easy to see that the above question has an affirmative answer for sequentially compact Hausdorff spaces (Sec-
tion 2, Proposition 2.5). On the other hand, the above question was recently shown to have a negative answer [2]:
for each positive integer m, there exists an m-dimensional compact Hausdorff space Xm such that C(Xm) is nth root
closed (that is, for each f ∈ C(Xm), there exists a g ∈ C(Xm) such that f = gn) for each positive integer n. Also it is
shown in [3] that there exists a compact Hausdorff space X with square-root closed C(X) such that Hˇ1(X;Z) is infi-
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Hausdorff space X with C(X) being algebraically closed should take a rather different form than the one given in
Theorem 1.1.
Section 3 is concentrated on the existence of a continuous approximate root of the equation Q(z,x) =
zn − f (x) = 0, where f :X → C is a continuous function defined on a compact Hausdorff space X. We will consider
two types of approximate roots as follows:
()n for each continuous function f :X → C and for each ε > 0, there exists a continuous function g :X → C such
that ‖f − gn‖∞ < ε.
()n for each continuous function f :X → C and for each ε > 0, there exist continuous functions g1, . . . , gn :X → C
such that f =∏ni=1 gi and ‖gi − gj‖∞ < ε for each i, j .
These notions were motivated by [15]. Actually the condition ()2 is the same as the one that the condition (ε-∗)
in [15] is satisfied for each ε > 0.
The spaces satisfying these conditions are rather different than those studied in Theorem 1.2. In particular they need
not be locally connected. A compact Hausdorff space X with dimX  1 satisfying these conditions is characterized
as follows.
Theorem 1.3. Let X be a compact Hausdorff space with the covering dimension dimX  1 and let n be a positive
integer. The following conditions are equivalent:
(1) X satisfies the condition ()n,
(2) X satisfies the condition ()n, and
(3) the first ˇCech cohomology Hˇ1(X;Z) is n-divisible, that is, each element of Hˇ1(X;Z) is divided by n.
This generalizes Theorem 2.1 of [15]. Again Fort Jr has obtained a closely related result as Result 9 of [7] for
n = 2.
Throughout the present paper, all maps are assumed to be continuous unless otherwise stated. In the rest of this
section, we make some notational conventions and recall some elementary results which shall be used repeatedly in
the sequel.
Let μn : C → C be the map defined by μn(z) = zn, z ∈ C and its restriction to S1 = {z ∈ C | |z| = 1} is denoted by
the same symbol μn :S1 → S1. The map μn :S1 → S1 is an n-fold covering map and hence has the Homotopy Lifting
Property for every paracompact space (see [17, p. 66]). The map induces the multiplication-by-n-homomorphism on
Hˇ1(S1;Z) ∼= Z. A generator of Hˇ1(S1;Z) is fixed throughout and is denoted by e.
Let [X,S1] be the set of homotopy classes of maps X → S1 with the abelian group structure being induced by
the multiplication on S1. There exists the canonical isomorphism [X,S1] ∼= Hˇ1(X;Z) given by f 	→ f ∗(e), where
f ∗ : Hˇ1(S1;Z) → Hˇ1(X;Z) is the induced homomorphism.
2. Proof of Theorem 1.2
The implications (1) → (2) → (3) are obvious and we shall prove the implications (3) → (4), (4) → (2) and
(2) → (1).
The following lemma, an immediate consequence of Tietze’s extension theorem, plays an essential role in the proof
of the implication (3) → (4).
Lemma 2.1. [4, Lemma 1.1] Let X be a compact Hausdorff space such that C(X) is square-root closed. Then C(Y )
is square-root closed for each closed subset Y of X.
(a) Proof of (3) → (4). Let X be a compact connected metric space satisfying the condition (3). The proof of
[4, Lemma 2.3] works exactly in the same way to prove that X is locally connected. So it suffices to show that X
contains no simple closed curve. Suppose that X contains a simple closed curve S as a subset. By Lemma 2.1 above,
C(S) must be square-root closed. However, a homeomorphism f :S → S1 = {z ∈ C | |z| = 1} ⊂ C has no continuous
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of μ2 :S1 → S1 at the end of Section 1, we see μ2 ◦ g(x) = (g(x))2 = f (x) for each x ∈ X. Thus f = μ2 ◦ g, which
is impossible since f ∗(e) = g∗μ∗2(e) = 2g∗(e) cannot be a generator of Hˇ1(S1;Z).
(b) Proof of (4) → (2). The proof relies on the following theorem due to Whyburn.
Theorem 2.2. [18, (2.4) Theorem, p. 188] Let f :X → Y be a continuous open surjection between compact metric
spaces X and Y such that all fibers are totally disconnected. For each dendrite D in Y and for each point x0 ∈ f−1(D),
there exists a dendrite E in X such that x0 ∈ E and f |E :E → D is a homeomorphism.
For a continuous map a = (an−1, . . . , a0) :X → Cn defined on a space X, let Ea = {(x, z) ∈ X × C | Pa(x, z) =
0} ⊂ X × C and also let πa :Ea → X be the restriction of the projection proj :X × C → X to the subspace Ea . For
each point x ∈ X, the fiber (πa)−1(x) is the set of all roots of the algebraic equation Pa(x, z) = 0 (with respect to z).
The space X is algebraically closed if and only if, for each continuous map a = (an−1, . . . , a0) :X → Cn, the map πa
admits a section, that is, a map s :X → Ea such that πa ◦ s = idX . If X is a compact metric space, then it is easy to
see that Ea is also a compact metric space.
Proposition 2.3. The above πa :Ea → X is an open map, each fiber of which consists of at most n points.
Proof. From the above remark, it suffices to prove that πa is an open map. It is easy to see that the conclusion follows
from the claim (i) below.
(i) Let x0 be a point of X and let z0 be a root of the equation Pa(x0, z) = 0 (and hence (x0, z0) ∈ Ea). For each
neighborhood U of (x0, z0) in Ea , there exists a neighborhood V0 of x0 such that (πa)−1(y)∩U is not empty for
each y ∈ V0.
Proof of (i): Given a neighborhood U of (x0, z0) in Ea , take a small neighborhood W of x0 and an ε > 0 such that
(ii) z0 is the unique root of Pa(x0, z) = 0 in the closure of the ε-neighborhood N(z0, ε) in C and
(iii) (W ×N(z0, ε))∩ Ea ⊂ U .
Let m be the multiplicity of z0. By Lemma 2.2 of [5], there exists a neighborhood V0 of x0 such that, for each y ∈ V0,
the equation Pa(y, z) = 0 has exactly m roots in N(z0, ε), counting multiplicity. We may assume that V0 ⊂ W . This
implies that, for each y ∈ V0, there exists z ∈ C such that (y, z) ∈ (V0 ×N(z0, ε))∩Ea ⊂ (W ×N(z0, ε))∩Ea ⊂ U .
This completes the proof of (i) and hence completes the proof of the proposition. 
For a dendrite X and for each continuous map a = (an−1, . . . , a0) :X → Cn, we consider the above open map
πa :Ea → X and apply Theorem 2.2. Then there exists a dendrite E ⊂ Ea such that πa|E :E → X is a homeomor-
phism. Clearly s = (πa |E)−1 :X → Ea is the desired section, and hence C(X) is algebraically closed.
(c) Proof of (2) → (1).
Lemma 2.4. Assume that a polynomial zn +∑0i=n−1 aizi ∈ C[z] admits a factorization zn +∑0i=n−1 aizi = (z− ρ) ·
(zn−1 +∑0i=n−2 bizi). Then bn−2 = an−1 + ρ and bj−1 = aj + ρbj for each j = n− 2, . . . ,0, where b−1 = 0.
Proof. By noticing:
(z − ρ) ·
(
zn−1 +
0∑
i=n−2
biz
i
)
= zn + (bn−2 − ρ)zn−1 +
1∑
i=n−2
(bi−1 − ρbi)zi − ρb0
and by comparing the coefficients with those of the polynomial zn +∑0i=n−1 aizi , we immediately obtain the conclu-
sion. 
Assume that C(X) is algebraically closed. For each continuous map a = (an−1, . . . , a0) :X → Cn, we find a contin-
uous root ρ1 :X → C of the equation Pa(x, z) = zn+an−1(x)zn−1 +· · ·+a0(x) = 0. This means that there exist some
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a0(x) = (z−ρ1(x)) · (zn−1 +bn−2(x)zn−2 +· · ·+b0(x)) for each x ∈ X. By Lemma 2.4, bn−2(x) = an−2(x)+ρ1(x)
and bj−1(x) = aj (x) + ρ1bj (x) for each x ∈ X, where b−1(x) = 0. A downward induction shows that bn−2, . . . , b0
are continuous. Now we apply the algebraic closedness of C(X) to the equation zn−1 +bn−2(x)zn−2 +· · ·+b0(x) = 0
and find a continuous root ρ2 :X → C. Continuing this process, we see that Pa(x, z) =∏ni=1(z − ρi(x)) for some
continuous functions ρ1, . . . , ρn :X → C and hence C(X) is completely solvable.
This completes the proof of Theorem 1.2.
As is mentioned in Section 1, the square-root closedness of C(X), X being a compact Hausdorff space, does not
necessarily imply dimX  1, while it would be worth mentioning the following result. The second half of the proof
below is an obvious generalization of a well-known fact that every compact connected metrizable space has dimension
at most 1 if each of its compact connected subsets is locally connected.
Proposition 2.5. Let X be a compact sequentially compact Hausdorff space such that C(X) is square-root closed.
Then dimX  1.
Proof. Following the arguments in [4, Lemma 2.5], we can prove that:
(i) each compact connected subspace Y of X is locally connected.
Here we give a brief sketch of the proof. Suppose that Y is not locally connected. Repeating the argument in the
first four paragraphs of [4, Lemma 2.5, p. 436–437], we obtain a sequence {Hm(i) | i = 1, . . .} of compact connected
subsets of Y and sequences of points {xi | i = 1, . . .}, {yi | i = 1, . . .} such that
• Hm(i) ∩Hm(j) = ∅ for i = j ,
• each Hm(i) is open in ⋃∞i=1 Hm(i),
• xi, yi ∈ Hm(i) for each i,
• the sequences {xi} and {yi} are convergent and limi→∞ xi = limi→∞ yi .
Notice that the hypothesis “X is hereditarily unicoherent” of Lemma 2.5 of [4] is unnecessary for the above argu-
ment.
However, since C(Y ) is square-root closed by Lemma 2.1, the existence of such sequences of compact connected
subsets and points is prohibited by [4, Lemma 2.3] (see [4, Definition 2.2 and Lemma 2.3, p. 435]). This completes
a sketch of the proof of (i).
Suppose that dimX  2. Then there exists a continuous map f :X → D2 of X onto the 2-dimensional disk D2
with the following property (see [10, Theorem 4.3] for the most general statement):
(ii) for each compact connected subset K of D2, there exists a compact connected subset L of X such that f (L) = K .
Now take a non-locally connected compact connected subset B of D2 and apply (ii) to find a compact connected
subset A of X such that f (A) = B . By the condition (i), A must be locally connected. Using this together with the
compactness of A, it is easy to show that B has the following property:
(iii) for each ε > 0, there exist compact connected subsets B1, . . . ,Bm such that B =⋃mi=1 Bi and diamBi < ε for
each i = 1, . . . ,m, where diamBi denotes the diameter of Bi with respect to the standard metric on D2.
The above property (called property S in [18, p. 20]) is known to imply that
(iv) B is locally connected (see the same page of [18]).
This contradicts the assumption that B is non-locally connected and hence completes the proof. 
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if X is metrizable.
Remark 2.7. A part of Theorem 3.4 in [16] states that, for a first-countable compact Hausdorff space X, the following
two conditions are equivalent. For the definition of the almost local connectedness, see [4, Definition 2.2].
(a) C(X) is algebraically closed.
(b) X is almost locally connected and Xλ is locally connected, dimXλ  1 and Hˇ1(Xλ;Z) = 0 for each connected
component Xλ of X.
Honma and the second author proved that, for a compact Hausdorff space X, Hˇ1(X;Z) = 0 (dimX  1 respec-
tively), if Hˇ1(Xλ;Z) = 0 (dimXλ  1 respectively) for each connected component Xλ of X [13, Lemmas 2.7 and 2.8].
Combining this with (i) in the proof of Proposition 2.5, we see that the condition (b) is equivalent to the condition (c)
below.
(c) X is almost locally connected, dimX  1 and Hˇ1(X;Z) = 0.
3. Proof of Theorem 1.3
We start with the following lemma which is essentially pointed out in the introduction of [9] and is proved in
[11, Lemma 1.6, p. 126]. In [11], the space under consideration is implicitly assumed to be connected and locally
connected (for the use of the covering space theory). The standard isomorphy Hˇ1(X;Z) ∼= [X,S1] mentioned at the
end of Section 1 enables us to drop the (local) connectedness assumption. Also we should mention that the argument
below has been provided in [7, Result 5] and the proof is given here for the sake of completeness.
Lemma 3.1. For a compact Hausdorff space X, the following conditions are equivalent:
(1) for each map f :X → S1, there exists a map g :X → S1 such that f = gn.
(2) Hˇ1(X;Z) is n-divisible.
Proof. (1) → (2). For each element α ∈ Hˇ1(X;Z) represented by a map f :X → S1, we find a map g such that
f = gn. This means that f = μn ◦ g. Then α = f ∗(e) = g∗(ne) = ng∗(e).
(2) → (1). Let f :X → S1 be a map and α = f ∗(e). The existence of an element β ∈ Hˇ1(X;Z) with α = nβ
means the existence of a map g :X → S1 satisfying f  μn ◦ g. The Homotopy Lifting Property of μn guarantees the
existence of another map g :X → S1 satisfying the equality f = μn ◦ g, which implies f = gn. 
Proof of Theorem 1.3. We prove the implications (1) → (3) → (2) → (1).
Notation. Let Aε = {z ∈ C | 1− ε  |z| 1+ ε} and let A = A1/2. Also let r :A → S1 be the radial retraction defined
by r(z) = z/|z|, z ∈ A. Clearly r  idA :A → A.
(a) Proof of (1) → (3). Assume that a compact Hausdorff space X satisfies the condition ()n. Take a small ε > 0
with ε < 1/2 such that
(i) 1/2 < (1 − ε)1/n < (1 + ε)1/n < 3/2, hence in particular, μn(Aε) ⊂ A,
(ii) if h, k :X → A are two maps such that ‖h− k‖∞ < 2ε, then h  k in A.
For each element α ∈ Hˇ1(X;Z) represented by a map f :X → S1, there exists g :X → C such that ‖f −gn‖∞ < ε.
It follows that 1 − ε  ‖gn‖∞  1 + ε and (1 − ε)1/n  ‖g‖∞  (1 + ε)1/n. Hence g(X) ⊂ A and μn ◦ g(X) ⊂ A. It
follows from (ii) that f  gn = μn ◦ g :X → A. Since f = r ◦ f , we obtain the following equality:
α = f ∗(e) = f ∗(r∗(e))= g∗(μ∗n(r∗(e)))= ng∗(r∗(e)).
This completes the proof of (1) → (3).
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n-divisible. Take a continuous function f :X → C and take an arbitrary ε > 0. Take a small δ > 0 such that δ < (ε/2)n
and let E = {x ∈ X | |f (x)|  δ}. First observe that there exists a continuous function u :X → C \ {0} such that
u|E = f |E.
Indeed, let F = {x ∈ X | |f (x)|  δ} and consider the restriction f |E ∩ F :E ∩ F → {z ∈ C | |z| = δ}. Since
dimF  dimX  1, f |E ∩ F admits an extension u′ :F → {z ∈ C | |z| = δ}. Then the function u :X → C \ {0}
defined by
u(x) =
{
f (x), if x ∈ E,
u′(x), if x ∈ F,
is well-defined, continuous and has the desired property.
Consider the map u/|u| :X → S1 and apply Lemma 3.1 to obtain a map w :X → S1 such that u/|u| = wn. Now
we define continuous functions g and h as follows:
g(x) = ∣∣f (x)∣∣1/nw(x), x ∈ X
and
h(x) =
{
f (x)
|f (x)|(n−1)/nwn−1(x) , if f (x) = 0,
0, if f (x) = 0.
We show
(iii) g|E = h|E.
Indeed, for each x ∈ E, we have f (x) = u(x) = |u(x)|(w(x))n and in particular |f (x)| = |u(x)|. Hence
h(x) = f (x)|f (x)|(n−1)/nwn−1(x) =
|u(x)|(w(x))n
|u(x)|(n−1)/n(w(x))n−1 =
∣∣u(x)∣∣1/nw(x) = g(x).
Also for each y ∈ X \ E, we see |g(y)| = |f (y)|1/n < δ1/n < ε/2. Similarly |h(y)| = |f (y)|1/n or else 0, hence
|h(y)| < ε/2 as well.
Putting these together, we have two functions g,h :X → C such that f = gn−1h and
‖g − h‖∞ = sup
{∣∣g(y) − h(y)∣∣ | y ∈ X \E}
 sup
{∣∣g(y)∣∣ | y ∈ X \E}+ sup{∣∣h(y)∣∣ | y ∈ X \E}
< ε.
Defining g1 = · · · = gn−1 = g and gn = h, we obtain the functions required in the condition ()n.
This completes the proof of implication (3) → (2).
(c) Proof of (2) → (1). Assume that X satisfies the condition ()n and take a continuous function f :X → C and
choose an M > 1 so that ‖f ‖∞ < M . For an arbitrary ε > 0, take a δ > 0 such that δ < ε/(2M)n. By the assumption,
there exist continuous functions g1, . . . , gn :X → C such that
(iv) f =∏ni=1 gi and ‖gi − gj‖∞ < δ for each i, j .
For an x ∈ X, the following obvious inequality
(
min
i=1,...,n
∣∣gi(x)∣∣)n  n∏
i=1
∣∣gi(x)∣∣= ∣∣f (x)∣∣M
implies mini=1,...,n|gi(x)|M1/n and hence by (iv), |gi(x)|M1/n + δ for each i. Thus ‖gi‖∞ < M1/n + δ for each
i = 1, . . . , n. Let hi = gi − g1 for each i = 1, . . . , n. The above (iv) means ‖hi‖∞ < δ. Then we see
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∥∥∥∥∥
n∏
i=1
(hi + gi) − gn1
∥∥∥∥∥∞ 
n∑
i=1
(
n
k
)
δiMn−i
 δMn
n∑
i=1
(
n
k
)
δi−1  δMn
n∑
i=0
(
n
k
)
 δ(2M)n < ε.
Hence g1 is the desired function approximating f . This completes the proof of (2) → (1) and completes the proof
of Theorem 1.3. 
For a sequence P = (pi)∞i=1 of positive integers, let ΣP be the projective limit
ΣP = lim←−
(
S1
μp1←− S1 μp2←− S1 μp3←− · · ·).
For a positive integer n, the n-adic solenoid Σn is defined by ΣP where pi = n for each i. The group Hˇ1(Σn;Z)
is n-divisible as is easily shown below (the coefficient Z is omitted for simplicity). First notice:
Hˇ1(Σn) ∼= lim−→
(
Hˇ1
(
S1
) ×n−→ Hˇ1(S1) ×n−→ Hˇ1(S1) ×n−→ · · ·).
As in Section 1, fix a generator e of Hˇ1(S1) and let ik : Hˇ1(S1) → Hˇ1(Σn) be the canonical homomorphism of
the kth term Hˇ1(S1) to the limit Hˇ1(Σn). For each element φ of Hˇ1(Σn), there exist integers k and mk such that
φ = ik(mke). Then φ = ik(mke) = ik+1(n ×mke) = nmk(ik+1(e)) and hence is divided by n.
Corollary 3.2. For each positive integer n, Σn satisfies both of the conditions ()n and ()n.
Let Ω = (pi)∞i=1 be an enumeration of all positive integers so that each positive integer appears as pi ’s infinitely
many times. Then Hˇ1(ΣΩ ;Z) is easily seen to be divisible. Thus
Corollary 3.3. ΣΩ satisfies both of the conditions ()n and ()n for each n.
For each (at most) one-dimensional compact Hausdorff space X, Hˇ1(X;Z) is torsion-free. By the structure theorem
of divisible Abelian groups [8, Theorem 23.1, p. 104], every torsion free divisible Abelian group is isomorphic to a
direct sum of Q, the additive group of rational numbers. Therefore we have
Corollary 3.4. Let X be a compact Hausdorff space with dimX  1. The following conditions are equivalent:
(1) X satisfies the condition ()n for each n,
(2) X satisfies the condition ()n for each n, and
(3) Hˇ1(X;Z) is isomorphic to a direct sum of Q.
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